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1. Introduction
It is now well known that many polynomial invariants for links and graphs admit a categoriﬁcation. We can mention, for
instance, the Jones polynomial [8], the Alexander polynomial [10,11], the HOMFLYPT polynomial [9], the dichromatic poly-
nomial [6] or the reﬁnement of the Jones polynomial for braid-like isotopies [1]. Mostly, these invariants are deﬁned for link
diagrams and then invariance under Reidemeister moves is proven. However, in [9,11], the invariance under Reidemeister
IIb moves, i.e. Reidemeister II moves corresponding to the following singularity
,
with opposite tangent vectors, cannot be achieved. Nevertheless, they can be avoided by using only braid presentations
of links. On the other hand, the categoriﬁcation deﬁned in [9] can be seen as a generalization of the homology given by
M. Khovanov in [8] which is well deﬁned for all diagrams.
In [1], we have deﬁned a bigraded reﬁnement Khbr of Khovanov invariant Kh which shed light on internal mechanism
of invariance for the latter. As a matter of fact, braid-like Khovanov homology is only invariant under Reidemeister moves
which correspond locally to braid isotopies. In particular, it excludes IIb and Markov moves. In the construction, the bigrad-
ing can be collapsed to a single one. Via a spectral sequence, the braid-like homology converges then to the usual Khovanov
one.
In this paper, we give a second reﬁnement of Jones polynomials and its categoriﬁcation Khst for another restricted notion
of isotopies of link diagrams, called star-like isotopies. Markov moves are still not allowed, but pairs of Reidemeister I moves
on a strand are. Star-like II moves are the same as braid-like ones but star-like III moves are precisely Reidemeister III moves
which are not braid-like.
Unfortunately, to date, there is no known geometrical interpretation for star-like isotopies but it gives rise to an homology
which is bigraded and which collapses also to Khovanov homology via a spectral sequence (see Fig. 2 for an example).
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two vertices means that they can be replaced one by the other using the labeling Reidemeister II move. The mirror operation corresponds to reversing
horizontally the graph.
Besides the enlightening of mechanisms of invariance in Khovanov homology, star-like isotopies are also attractive to
study relations between Reidemeister moves. It is proven in Chapter 1.2 of [5] that, if an application deﬁned on oriented link
diagrams is invariant under the Reidemeister moves corresponding to and under one of the six braid-like Reidemeister
moves of type III, then it is also invariant under all the other braid-like Reidemeister III moves. As shown in Fig. 1, it is
not anymore the case for star-like isotopies. It points out a dissymmetry in Khovanov construction since a direct proof of
invariance can be achieved only for one of the two star-like Reidemeister III moves. This move depends whether we consider
Khovanov homology or cohomology. Invariance under the other type of move can nonetheless be obtained using a duality
argument.
Deﬁnition 1.1. Two oriented links are called star-like isotopic if their diagrams are related by a sequence of Reidemeister
moves of type II and III which correspond to the following singularities of planar curves:
.
Moreover we allow arbitrary pairs of Reidemeister I moves on the same arc of a diagram (see Fig. 3).
The moves allowed in star-like isotopies are called star-like Reidemeister moves.
The name “star-like” comes from the form of the corresponding singularity in star-like Reidemeister III moves.
Using so-called surfaces with pulleys, a picture can be given for the construction of star-like Khovanov homology. It also
gives a picture for the braid-like case, as well as the case of links in I-bundle [2].
2. Main results
As in the braid-like case, our starting point is the Kauffman bracket for oriented links in 3-space. We use Kauffman’s
notations and terminology (see [7]).
Each Kauffman state s of an oriented diagram D has a piecewise smooth structure which is induced by the orientation
of D . The crossings of D give rise to special points of s. If in such a point, the piecewise orientation changes, we say that
it is a break point (compare with [1]). The number of break points on any circle of s is always even. The remaining special
points are called Seifert points. In Seifert points, the orientations of the two pieces ﬁt together (see Fig. 4).
Deﬁnition 2.1. A circle in a Kauffman state is of type d if ( 12#(break points) + #(Seifert points)) is odd and of type h
otherwise.
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Fig. 3. Pairs of Reidemeister I moves allowed in star-like isotopies.
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Let C denote the set of all conﬁgurations, possibly empty, of unoriented circles embedded in the plane up to isotopy.
Deﬁnition 2.2. For any Kauffman state s, we deﬁne
σ(s) = #(A-smoothings) − #(A−1-smoothings),
d(s) = #(d-circles),
h(s) = #(h-circles),
and c(s) ∈ C which is the conﬁguration of only the h-circles.
Let Γ denote the Z[A, A−1]-module over C .
Deﬁnition 2.3. For any diagram D , the bracket 〈D〉st ∈ Γ is deﬁned by
〈D〉st =
∑
s Kauffman
state of D
Aσ(s)
(−A2 − A−2)d(s)c(s).
The polynomial Vst(D) is then deﬁned by
Vst(D) = (−A)−3w(D)〈D〉st ,
where w(D) denotes the writhe of D .
From this deﬁnition, it follows immediately:
Proposition 2.4. Let D be a diagram and v a crossing of D. Let D0 (respectively D1) be the diagram obtained from D by smoothing v
in the A-fashion (respectively A−1-fashion) and where break and Seifert points are added in the natural way. Then, we have
〈D〉st = A〈D0〉st + A−1〈D1〉st .
Moreover, we have
〈D 〉st =
(−A2 − A−2)〈D〉st .
Theorem 2.5. The polynomial V st is invariant under star-like isotopies.
Remark 2.6. If we denote Seifert points by circles, one easily sees that the polynomial Vst satisﬁes the following skein
relations:
A4Vst − A−4Vst =
(
A2 − A−2)Vst .
But Vst = Vst and, consequently, Vst does not satisfy Jones skein relation.
Remark 2.7. Replacing c(s) by Xh(s) deﬁnes a map
χ :C → Z[A, A−1, X].
The invariant Vst contains certainly more information than χ(〈 . 〉st), but it turns out that the latter can be categoriﬁed
contrary to the former.
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two different differentials d and d′ of, respectively, tridegree (−1,0,0) and (1,0,0) such that their homology groups, respectively
denoted H∗∗∗(D) and H′∗∗∗(D), are invariant under star-like isotopy. Moreover, the polynomial χ(Vst) is given as the bigraded Euler
characteristics of these homologies i.e.
χ
(
Vst(D)
)=∑
i, j,k
(−1)i(−A2) j Xk dimQ(Hi, j,k(D) ⊗Z Q)
=
∑
i, j,k
(−1)i(−A2) j Xk dimQ(H′i, j,k(D) ⊗Z Q).
Proposition 2.9. For any diagram D and any i, j,k ∈ Z, the groups Hi, j,k(D), H′−i,− j,−k(D) and H−i,− j,−k(D) are isomorphic,
where D denotes the mirror image of D and H∗∗∗ the cohomology groups associated to d.
As noticed at the end of Section 9 in [2], it follows thus from the Universal Coeﬃcient theorem:
Corollary 2.10. For any diagram D and any i, j,k ∈ Z, the groups Hi, j,k(D) and (H−i,− j,−k(D)/T−i,− j,−k(D)) ⊕ T−i+1,− j,−k(D)
are isomorphic where T∗∗∗(D) denote the torsion part of H∗∗∗(D).
Remark 2.11. Of course, the last two propositions still hold when swapping the role of d and d′ .
Question 2.12. Is it possible to categorify the original polynomial V st?
3. Proof of Theorem 2.5
From now on, we denote break points by dots and Seifert points by small circles on the diagram. Brackets are not always
written.
Lemma 3.1. The polynomial V st is invariant under Reidemeister moves of type II with equal tangent direction.
Proof. When calculating the Kauffman bracket, we obtain
= A2 + + + A−2 .
The circle is of type d and the usual identiﬁcation d = −A2 − A−2 implies invariance. 
Remark 3.2. Like in the braid-like case, we cannot achieve invariance under the other type of Reidemeister II moves. Actually,
the calculation gives
= A2 + + + A−2 ,
and the diagrams are completely different with respect to the types d or h of the circles.
Lemma 3.3. The polynomial V st is invariant under star-like Reidemeister moves of type III.
Proof. We will prove the invariance of Vst by the two star-like Reidemeister moves of type III, shown in Fig. 5.
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The left- and the right-hand sides of the ﬁrst one give respectively the following eight contributions to the bracket:
(1)
⎧⎪⎪⎨
⎪⎪⎩
A A3
A−1 A−1
(1′)
{
A−1
(2)
{
A−1 (2′)
⎧⎪⎪⎨
⎪⎪⎩
A A3
A−1 A−1
(3)
⎧⎪⎪⎨
⎪⎪⎩
A A−3
A
(3′)
⎧⎪⎪⎨
⎪⎪⎩
A A−3
A
The closed connected components arising in (1) and (2′) are of type d. This implies that (1) = (1′), (2) = (2′) and
(3) = (3′) when summing their elements to evaluate the star-like Kauffman bracket. Moreover, the conﬁgurations of h-
circles in R2 are the same.
The left- and the right-hand sides of the second move give respectively the following contributions:
(1)
⎧⎪⎪⎨
⎪⎪⎩
A−1 A
A−1 A
(1′)
{
A
(2)
{
A (2′)
⎧⎪⎪⎨
⎪⎪⎩
A−1 A
A A−3
(3)
⎧⎪⎪⎨
⎪⎪⎩
A3 A−1
A−1
(3′)
⎧⎪⎪⎨
⎪⎪⎩
A3 A−1
A−1
We conclude like in the ﬁrst case. 
Lemma 3.4. The polynomial V st is invariant under star-like Reidemeister I moves.
Proof. We will only consider two cases. All other cases are analogous and are left to the reader.
The left-hand side of Fig. 6 gives the following contributions:
= A2 + + + A−2
= (A2d + 1+ d2 + A−2d)
= .
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Fig. 7. Second star-like Reidemeister move of type I.
Similarly, the left-hand side of Fig. 7 gives the contribution:
−A3(A + A−1 )= −A3((A + A−1d) )
= ,
whereas its right-hand side gives
−A−3(A + A−1 )= −A−3((Ad + A−1) )
= . 
Theorem 2.5 follows directly from Lemmata 3.1, 3.3 and 3.4.
4. Proof of Theorem 2.8
Let D be a diagram with n crossings.
4.1. Deﬁnition of homologies
Deﬁnition 4.1. An enhanced state S of D is a Kauffman state s of D enhanced by an assignment of a plus or a minus sign
to each of the circles of s.
Setting X = −H2 − H−2 and according to [12], we rewrite our lightened bracket as
χ
(〈D〉st)= ∑
S enhanced
state of D
(−1) σ(S)−w(K )2 (−A2) σ(S)−3w(K )2 +τd(S)(−H2)τh(S), (1)
where τd (respectively τh) is the difference between the number of plus and minus assigned to the d-circles (respectively
h-circles).
Deﬁnition 4.2. For any enhanced state S of D , we deﬁne
i(S) = σ(S) − w(K )
2
,
j(S) = σ(S) − 3w(K )
2
+ τd(S),
k(S) = τh(S).
Then, for i, j,k ∈ Z, we can deﬁne Ci, j,k(D) to be the Z-module spanned by
{
S enhanced state of D
∣∣ i(S) = i, j(S) = j, k(S) = k}.
Deﬁnition 4.3. Let S and S ′ be two enhanced states of D and v a crossing of D . We deﬁne an incidence number [S : S ′]v
by
– [S : S ′]v = 1 if the following four conditions are satisﬁed:
(i) v is A-smoothed in S but A−1-smoothed in S ′;
(ii) all the other crossings are smoothed the same way in S and S ′;
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(iv) j(S) = j(S ′) and k(S) = k(S ′);
– otherwise, [S : S ′]v = 0.
Now, we assign an ordering of the crossings of D .
Deﬁnition 4.4. We deﬁne a differential of tridegree (−1,0,0) on C∗∗∗(D) by
d(S) =
∑
v crossing in D
dv(S),
where the partial differential dv is deﬁned by
dv(S) = (−1)t
−
v,S
∑
S ′ state of D
[S, S ′]v S ′,
with t−v,S the number of A−1-smoothed crossings in S labeled with numbers greater than the label of v .
Deﬁnition 4.5. In the same way, we deﬁne a differential of tridegree (1,0,0) on C∗∗∗(D) by
d′(S) =
∑
v crossing in D
d′v (S),
where the partial differential d′v is deﬁned by
d′v(S) = (−1)t
+
v,S
∑
S ′ state of D
[S ′, S]v S ′,
with t+v,S the number of A-smoothed crossings in S labeled with numbers greater than the label of v .
The differential d(S) (respectively d′(S)) is the alternating sum of enhanced states obtained by switching one A-smoothed
(respectively A−1-smoothed) crossing of S into an A−1-smoothing (respectively A-smoothing) and by locally relabeling in
such a way that j and k are preserved. Moreover the merge of two d-circles or two h-circles always gives a d-circle and
the merge of a d-circle with an h-circle always an h-circle. Thus, one can explicit, for instance, the action of dv , as done in
Fig. 8.
Lemma 4.6. Every two distinct partial differentials dv and dv ′ (respectively d′v and d′v ′ ) anti-commute. Thus d
2 = 0 (respectively
d′2 = 0) and d (respectively d′) is a differential.
Proof. One only has to check cases from 1A–1D to 5A–5D of the proof of Lemma 4.4 in [2]. 
Lemma 4.7. The homologies H(D) and H′(D) do not depend on the ordering of the crossings.
Proof. This follows from the proof of Theorem 6.1 in [2]. 
Proposition 4.8. The Euler characteristics of H(D) and H′(D) give the same polynomial V st(D).
Proof. This is clear from Eq. (1) and the deﬁnition of the chain complexes. 
4.2. Proof of Proposition 2.9
For any chain complex (C∗∗∗, δ) where δ is of tridegree (a,0,0) with a ∈ Z, we can deﬁne its dual complex (C∗∗∗, δ∗) by
∀i, j,k ∈ Z, Ci, j,k = Hom(Ci, j,k,Z);
∀φ ∈ C∗∗∗, δ∗(φ) = φ ◦ δ.
The map δ∗ is then of tridegree (−a,0,0).
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Lemma 4.9. The map
ψ:
· · · d′ C′i, j,k(D) d
′
ψ
C′i+1, j,k(D) d
′
ψ
· · ·
· · · d∗ C i, j,k(D) d∗ C i+1, j,k(D) d∗ · · · ,
deﬁned on any enhanced state S by ψ(S) = (−1)u(S)S∗ where S∗ is the dual element of S and u is deﬁned by
u(S) =
∑
vi crossing
A-smoothed in S
n − i,
is a chain complex isomorphism.
Proof. Since ψ is obviously an isomorphism of modules, we only need to check that the diagram is commutative for any
element of the basis. Let S and S0 be enhanced states. In one hand, we have
ψ
(
d′(S)
)
(S0) =
∑
v crossing in D
S ′ enhanced state
(−1)t+S,v+u(S ′)[S ′, S]v S ′ ∗(S0)
=
∑
v crossing in D
(−1)t+S,v+u(S0)[S0, S]v ,
1 Depending on the type of the resulting circles.
B. Audoux / Topology and its Applications 156 (2009) 1054–1070 1063and in the other
d∗
(
ψ(S)
)
(S0) =
∑
v crossing in D
S ′ enhanced state
(−1)t−S0,v+u(S)[S0, S ′]v S∗(S ′)
=
∑
v crossing in D
(−1)t−S0 ,v+u(S)[S0, S]v .
Moreover, if [S0, S]v = 0, then S and S0 differ only on v . We have thus u(S0) − u(S) = n − i for some i. On the other
hand, we clearly have t+S,v + t−S0,v = t+S,v + t−S,v = n − i. As a matter of fact, (t+S,v + u(S0)) + (t−S0,v + u(S)) = 2(n − i + u(S))
and t+S,v + u(S0) and t−S0,v + u(S) have the same parity. 
Lemma 4.10. The map
φ:
· · · d Ci, j,k(D) d
φ
Ci−1, j,k(D) d
ψ
· · ·
· · · d′ C′−i,− j,−k(D) d′ C′−i+1,− j,−k(D) d′ · · · ,
deﬁned on any enhanced state S by inversing the labels of all circles, is a chain complex isomorphism.
Proof. First, note that the underlying state of S can be seen as a state of D with opposed smoothing at every crossing.
Moreover, since w(D) = −w(D) and since the map φ inverses all the labels, this map is well deﬁned as a graded module
isomorphism. Thus, we only need to check that the diagram is commutative for any enhanced state S of the usual basis.
Indeed, we have
φ
(
d(S)
)= ∑
v crossing in D
S ′ enhanced state of D
(−1)t−S,v [S, S ′]vφ(S ′),
as well as
d′
(
φ(S)
)= ∑
v crossing in D
S ′ enhanced state of D
(−1)t+φ(S),v [S ′, φ(S)]v S ′
=
∑
v crossing in D
φ(S ′) enhanced state of D
(−1)t+φ(S),v [φ(S ′),φ(S)]vφ(S ′),
since φ is a bijection between enhanced states of D and D . But, by deﬁnition, t−S,v = t+φ(S),v and by construction
[φ(S ′),φ(S)]v = [S, S ′]v . 
Now, the proposition is obtained by passing to homology the precedent lemmata.
4.3. Invariance under star-like Reidemeister moves of type II
Here, we will follow the proofs given in [1], details are done there. Modules are depicted by sets of generators and
sets of generators by diagrams partially smoothed. A given set is obtained by considering all the choices for smoothing
the unsmoothed crossings and labeling the unlabeled circles. This description is also used for formulas, the choice is then
consistent all over the equality. Partial differentials associated to a crossing c, restricted to a given subcomplex C , are
denoted with a sequence of indices which correspond, increasingly, to the crossings which are smoothed in the same way
for all generators of C . A star is assigned to c, otherwise, the index corresponds to the nature of the common smoothing.
We introduce the operators .{n} (respectively .[n]) which is the global uplifting of the grading (respectively homological)
degree by n. The key ingredients for upcoming proofs are the two following propositions.
Deﬁnition 4.11. Let f :C → C′ be a morphism of chain complexes. Then the cone of f is the chain complex C′′ deﬁned by
C′′ = C ⊕ C′[−1] and dC′′ = (dC + f ) ⊕ (−dC′ ).
Proposition 4.12. Let D be a diagram of K and v a crossing of D. Let D0 and D1 be the diagrams obtained from D by smooth-
ing v respectively in the A-fashion and in the A−1 one. Then dv deﬁnes a grading preserving map of chain complexes from C(D0) to
C(D1){−1}. Moreover, C(D) is the cone of this map.
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Now consider two diagrams which differ only locally by a star-like Reidemeister move of type II.
D D ′
.
We order the crossings of D and D ′ in the same fashion, letting v and v ′ be the last two ones of D ′ . Then we consider the
following four diagrams which are partial smoothings of D ′:
D ′00 D ′10
D ′01 D ′11
,
and two maps:
d0	 :
{ }
→
{ }
,
d	1 :
{ }
→
{ }
.
Lemma 4.14. The morphisms d0	 and d	1 are respectively injective and surjective.
Lemma 4.15. The cone of
· · · Im(di	0 + di0	)
di−1
D′ · · ·d
i
D′
· · ·
{ }
di
	0+di0	
di−1
D′00 · · ·
di
D′00
is an acyclic graded subcomplex of C(D ′) denoted C1 .
Lemma 4.16. The cone of
· · ·
{ }di−1
D′ · · ·d
i
D′
· · ·
{ }
di	1
di−1
D′01 · · ·
di
D′01
is an acyclic graded subcomplex of C(D ′) denoted C2 .
Deﬁnition 4.17. We deﬁne the map
. ⊗ v− :
{ }
→
{ }
→ − .
Remark 4.18. The map . ⊗ v− is grading–preserving and is a right inverse for d	1.
Lemma 4.19. The complex
· · ·
{
−
(
d1	
( ))
⊗ v−
}di−1
D′ · · ·d
i
D′
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ψII
( )
= −
(
d1	
( ))
⊗ v−.
Lemma 4.20. C(D ′)  C1 ⊕ C2 ⊕ C3 .
Finally, we conclude by passing to homology in Lemma 4.20.
4.4. Invariance under star-like Reidemeister moves of type III
Since the mirror image of a move of type IIIg is a move of type IIIh and as the Corollary 2.10 holds, it is suﬃcient to
prove the invariance under Reidemeister moves of type IIIh .
Consider two diagrams which differ only locally by the following star-like Reidemeister move of type IIIh .
D D ′
.
We order the crossings of D and D ′ in the same fashion, letting the three crossings involved in the Reidemeister move be
the last three ones. We can now consider the following ten partial smoothings of D or D ′:
D000 D001 D ′000 D ′001
D010 D011 D ′010 D ′011
D1•• D ′1••
.
One can easily check that D1••  D ′1•• as chains complexes.
With respect to D , we also consider two maps:
d00	 :
{ }
→
{ }
d0	1 :
{ }
→
{ }
.
Lemma 4.21. The maps d00	 and d0	1 are respectively injective and surjective.
Then, the rest follows as in the case of the Reidemeister move of type II.
Lemma 4.22. The cone of
· · · Im(di	00 + di0	0 + di00	)
di−1D · · ·d
i
D
· · · Z
{ }
di	00+di0	0+di00	
di−1D000 · · ·d
i
D000
is an acyclic graded subcomplex of C(D) denoted C1 .
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· · ·
{
+
}
{−1}d
i−1
D · · ·d
i
D
· · ·
{ }
di	01+di0	1
di−1D001 · · ·d
i
D001
is an acyclic graded subcomplex of C(D ′) denoted C2 .
Deﬁnition 4.24. We deﬁne the map
. ⊗ v− :
{ }
→
{ }
→ − .
Remark 4.25. The map . ⊗ v− is grading–preserving and is a right inverse for d0	1.
Lemma 4.26. The complex
· · ·
{
−
(
d01	
( ))
⊗ v−
}
⊕
{ }di−1D · · ·diD
is a graded subcomplex of C(D) denoted C3 .
Lemma 4.27. C(D)  C1 ⊕ C2 ⊕ C3 .
With the same reasoning on D ′ , we get
Lemma 4.28. C(D ′)  C′1 ⊕ C′2 ⊕ C′3 with C′1 and C′2 acyclic and
C′3 =
{
−
(
d01	
( ))
⊗ v−
}
⊕
{ }
.
Finally, we conclude thanks to the following lemma.
Lemma 4.29. The chain complexes C3 and C′3 are isomorphic via ψIII deﬁned on
{ }
by
ψ
(
−
(
d01	
( ))
⊗ v−
)
= −
(
d01	
( ))
⊗ v−
and on
{ }
in the obvious way.
4.5. Invariance under star-like Reidemeister moves of type I
Consider the three following diagrams which differ only locally by a Reidemeister move of type I and the adding of a
circle:
D ′ D D ′′
.
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Then we consider the following diagrams which are partial smoothings of D ′ and D ′′:
D ′0 D ′′0
D ′1 D ′′1
,
and two maps:
d′	 :
{ }
→
{ }
d′′	 :
{ }
→
{ }
.
Lemma 4.30. The morphisms d′	 and d′′	 are respectively injective and surjective.
Lemma 4.31. The cone of
· · ·
{ }di−1
D′ · · ·d
i
D′
· · ·
{ }
d′	
di−1
D′0 · · ·
di
D′0
is an acyclic graded subcomplex of C(D ′) denoted C′1 .
Lemma 4.32. The cone of
· · ·
{ }di−1
D′′ · · ·d
i
D′
· · ·
{ }
d′′	
di−1
D′′0 · · ·
di
D′′0
is an acyclic graded subcomplex of C(D ′′) denoted C′′1 .
Lemma 4.33. The complexes
· · ·
{ }di−1
D′ · · ·d
i
D′
and
· · ·
{
, −
}di−1
D′′ · · ·d
i
D′′
are graded subcomplexes of respectively C(D ′) and C(D ′′) denoted C′2 and C′′2 . Both of them are isomorphic to C(D).
Lemma 4.34. C(D ′)  C′1 ⊕ C′2 and C(D ′′)  C′′1 ⊕ C′′2 .
Lemma 4.35. The adding of two adjacent Seifert points on a diagram do not change its chain complex.
After having passed to homology the precedent lemma, one can easily achieve the invariance under star-like Reidemeister
moves of type I.
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5. A picture for the invariant
In a somehow similar way than Bar-Natan [4], we can give a picture for the above construction. Details are done in a
forthcoming paper [3] but Fig. 10 gives the main ingredients.
Roughly speaking, it corresponds to a cube of resolution of which vertices are obtained by associating a dot to every
h-circle and a circle for each d-one. Edges are then decorated in a standard way by surfaces with pulleys.
Surfaces with pulley are abstract surfaces composed by 1- and 2-dimensional pieces that can be connected together on a
ﬁnite number of points of their interior. These points are called pulleys and we distinguish two kind of them (pictured with
or without a dot). In Fig. 9(a), we give a set of generators. Any two surfaces can be composed horizontally by disjoint union.
Moreover, if the top boundary of a surface corresponds to the bottom one of another surface, then they can be composed
vertically by gluing them along this common boundary.
Besides Bar-Natan S and 4T relations, and besides the usual and obvious ones, some extra relations are also required.
They are given in Fig. 9(b). For the sake of clarity, ropes and surfaces are depicted as embedded in [0,1] × R2, but the
reader should keep in mind that every object can cross each other.
The construction given in this paper can be recovered by applying a suitable functor. By changing the deﬁnition of h-
circles, which are send to dots, the above picture can straightforwardly be adapted to the braid-like case and to the I-bundle
case.
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